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It is proven that the cusps are the only points which are rational over Q on 
X,(N) for N=53, 113 and 137. 
Let X,(N)(Q) denote the set of points which are rational over Q of the 
modular curve X,(N). Mazur and Serre (31 and Ogg (4,6] attack the 
problem of determining the cardinality of X,,(N)(Q). If N is a prime for 
which the genus of X,(N) is not zero, i.e., if N = 11 or N> 17, then 
X,(N)(Q) is finite by Theorem 3 of [3]. For more precise information, it is 
important to know whether or not a certain subgroup (cf. [3, Sect. 3.31) of 
the Jacobian of X,,(N) is finite. If Nf 151, 227 is a prime less than 250 for 
which the genus of X,(N) is not zero, then that subgroup is indeed finite (cf. 
[ 3, Sect. 4.1, Remark 2)]. For such values of N, the cardinality of X,(N)(Q) 
has been determined except for N = 53, 113, 137 (cf. the table at the end of 
[3]). In each of these three cases it has been shown that X,(N)(Q) has either 
two or four elements. This note is devoted to showing, for each of these three 
values of N, that X&V)(Q) has two elements. For an introduction to the 
details of this matter, examine the references, especially 171. 
THEOREM. For N = 53, 113 and 137, the only points of X,(N) which are 
rational over Q are the cusps. 
ProoJ Since N is prime, X,(N) has just two cusps, namely, 0 and co ; 
and as a special case, Proposition 2 in [4, Sect. l] states that they are 
rational over Q. Thus what must be shown is that no noncusp of X,(N) is 
rational over Q. 
There exists an automorphism of X&V) having order 2 which is defined 
over Q and which interchanges the cusps; it will be denoted by w  and is 
called the canonical involution of X,,(N). 
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The information in the following table will be used throughout. 
N g g+ h 
53 4 1 6 
113 9 3 8 
137 11 4 8 
Here g is the genus of X,(N), g+ is the genus of Xi(N) = { 1, w}\cy,(N) and 
h is the class number of Q(p). The space of holomorphic differential 
forms of X,(N) decomposes under the action of w  into a direct sum of two 
eigenspaces corresponding to the eigenvalues 1 and -1, and g+ is the 
dimension of the eigenspace corresponding to the eigenvalue 1. Also, h is the 
number of fixed points of w  (cf. [2, p. 312; 5, Sect. 21). 
Let c denote the image of the divisor 0 - co in the Jacobian of X,(N). In 
Section 3 of [4] it is proven that the order of c is the numerator of 
(N - 1)/12. Observe that this numerator is 3g + 1. 
Now the argument will proceed by contradiction: let x be an element of 
X,(N)(Q) which is not a cusp. By Theorem 7 of [3], the image of the divisor 
x - W(X) in the Jacobian of X,(N) is *I;c. Since w  is defined over Q, 
w(x) E &(N)(Q), and so it may be assumed that the above image is 
SC = -gc. Hence there exist meromorphic functionsf, and fi on X,(N) whose 
divisors are given by 
(f,) = 0 - 00 - 3x + 3w(x) 
and 
cfi)=go-gco +x-w(x). 
By multiplying f, and fi by suitable nonzero complex numbers, it may be 
assumed thatf, o w  = l/f1 and fi o w  = l/f*. Since w  inverts f, andf,, f, and 
fi take the value f 1 at every fixed point of w. Because the degree off, is 4 
and w  has more than four fixed points, there exist fixed points of w  at which 
f, takes the value 1 and fixed points of w  at which fi takes the value -1. Let 
y be a fixed point of w  such that f,(y) = 1 and multiply f2 by -1 if necessary 
so that f&) = 1. Using the fact that the ideal class group of Q(q) is 
cyclic, the theory of complex multiplication of elliptic curves shows that 
there exists an automorphism of C which, as it acts on X,(N), permutes the 
fixed points of w  cyclically. Since every point of the divisors off, and f2 is 
rational over Q, fl, resp. fl, is a nonzero constant multiple of fi, resp. f2. 
Sincef;‘(u(u)) = au,(~)) = 1, it follows thatfl= +f,, and because f, takes 
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the value - 1 at some fixed point of w, it must be the case that fi = -fi . 
Consequently 
f,@“(Y)) = (-1)” 
for every integer m. 
If N = 53, then a contradiction is already at hand as follows. The next-to- 
last statement implies thatf, - 1 has zeros at y, a’(y) and o”(y). Since these 
zeros must occur to the same order andf, - 1 has degree 4, these must be 
simple zeros. But then f, - 1 must have precisely one zero away from the 
fixed point set of w, yet the divisor of zeros of fi - 1 is fixed by w. Con- 
tradiction. 
Henceforth assume N = 113 or 137. 
Case 1. f2 takes the value 1 at every fixed point of w. Necessarily, 
fi = f2, and as above, f, - 1 must have a zero of order 1 at every fixed point 
of w. Also, the divisor of zeros off2 - 1 is fixed by w. Recall that g+ is the 
dimension of the space of holomorphic differential forms which are fixed by 
w  and that the divisor of every such form is fixed by w. By using these facts 
and the above table, it is seen that there exists a nonzero holomorphic 
differential form w  fixed by w  such that the differential form 
w’ = (l/df, - 1))~ has no poles away from the fixed point set of w. But 
every holomorphic differential form which is fixed by w  must have a zero at 
every fixed point of w. Therefore o’ is a holomorphic differential form. 
Clearly w’ has a zero of order at least g at co, which means that co is a 
Weierstrass point of X,(N). This contradicts the result of (I] which states 
that co is not a Weierstrass point of X,,(N) if N is prime. 
Case 2. f2 takes the value -1 at someJxed point of w. Then, as was the 
case for f, , fi = -f2, and so 
f*cJm(Y)) = C-1)” 
for every integer m. Now proceed as in the first case, replacing f2 in that 
argument by f, fi. 
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